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Periodic attractors in two-photon processes
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We consider three nonlinear optical models that display a two-photon process and exhibit a Hopf
bifurcation corresponding to a phase instability. The three models describe second-harmonic gen-

eration, two-photon optical bistability, and degenerate four-wave mixing in resonant cavities. In all

three cases we consider only the resonant configuration and analyze the attractors which emerge

when the driving field is increased beyond the Hopf bifurcation threshold. At a finite distance from

threshold, we find a hysteresis domain that involves a pair of periodic attractors. For all three mod-

els, each of the two solutions has the same "field portrait" i.e., the same representation in a plane

whose axes are the imaginary and the real parts of the electric field. This suggests that the scenario

is generic for this class of systems. On the other hand, the models for two-photon optical bistability

and degenerate four-wave mixing in resonant cavities exhibit additional nongeneric attractors when

the driving field is further increased.

I. INTRODUCTION

The modeling of optical nonlinear processes in reso-
nant passive cavities leads to a set of complex ordinary
differential equations for the electric fields and, possibly,
for the atomic variables in the semiclassical description.
It is often useful to have a guiding principle for the
classification of the solutions of these equations. This has
been made especially clear in studies of chaotic solutions
for which a classification is applied both to the approach
to the strange attractor (the so-called scenarios) as well as
the nature of chaos itself. The relevance of these
classification schemes lies in the assumption that a given
type of behavior can be linked to a broad class of equa-
tions and therefore of nonlinearities. In other terms,
there should be a correspondence between the elementary
physical processes whose description generates the non-
linear equations and the nature of the solutions. Quite
often, however, it is the converse approach which takes
place first, namely, the phenomenological observation
that a class of physical processes leads to a class of tem-
poral solutions (spatial variations related to transverse
eifects will not be considered here). In a recent paper' it
has been shown that two-photon processes in a resonant
electromagnetic cavity driven by a coherent cw input
beam share instability properties of the steady states. In
particular these authors proved that (i) there is almost al-
ways a Hopf bifurcation that leads to periodic solutions
and (ii) in resonance, this instability can be ascribed ex-
clusively either to the phases or to the amplitudes of the
fields. The purpose of the present paper is to elaborate
on this analysis by considering the nature of the periodic
attractors occurring beyond the Hopf bifurcation point
when the instability is due only to the phase of the fields.
In Ref. 1, three models were analyzed that belong to this

category: second-harmonic generation (SHG), two-
photon optical bistability (2OB) and degenerate four-
wave mixing (DFWM). We shall analyze these three
models sequentially in order of increasing complexity, be-
ginning with SHG and finishing with DFWM. The main
feature which we shall show is that at a finite distance
from the Hopf bifurcation, a hysteresis domain appears
which involves a pair of stable periodic attractors (i.e.,
optical bistability for periodic solutions). In this connec-
tion, a problem that arises is how to characterize these
different periodic attractors. The usual procedure is to
compare the time series of the periodic solutions, in par-
ticular for the intensities. This information is readily
available theoretically when analytical solutions are
known, numerically by direct integration of the
differential equations and experimentally by recording
photon numbers. However this approach neglects the
complex nature of the electric field whose phase is pre-
cisely the dynamical variable which drives the system out
of its stable steady state. As shown recently it is possible
(though by no means simple) to measure simultaneously
the field amplitude and phase. We have found that a use-
ful representation for our purposes is the field portrait,
i.e., a representation of the solution in a plare whose
coordinates are the real and the imaginary parts of the
field, also known as the quadrature components. Our re-
sult is that in this plane, each of the two periodic solu-
tions which overlap in the hysteresis has the same field
portrait for all three models, the portrait of the two coex-
isting solutions being unmistakingly di6'erent. Our
analysis suggests that the presence and the behavior of
these two attractors is generic for the systems which
display two-photon processes and exhibit a Hopf bifurca-
tion associated with a phase instability. It must be said,
however, that each system in this class may present, in
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addition to these attractors, further attractors which are
nongeneric. For lack of an adequate method to investi-
gate analytically these models well beyond the Hopf bi-
furcation, our results will be basically numerical with a
few analytic results whenever possible. In Sec. II, we
study SHG. In Sec. III we consider 2OB while in Sec. IV
we present an analysis of DFWM.

II. SECOND-HARMONIC GENERATION

At the Hopf bifurcation, spontaneous oscillations arise
with a frequency

nH2= &+2y . (2.7)

The extension of the single time approach used in Ref. 5
to the case y&0 leads to the following results. In the vi-
cinity of the instability threshold, the periodic solutions
can be expanded in a power series as

R, (r)=R, H+iE(e' +e ' )+O(E ),
The prototype of the three models we shall study is the

second harmonic generation in a resonant passive cavity
which is described by the pair of equations

R2(&) =R2 H+iE
—I+ i&1+2y;T

v'1+y

(2.8)

, dAi
yi

' = —Ai —A i A2+Ei,
dt

, dA2
y, ' = —A, +A', ,dt

(2.1)

where A are the complex electric fields inside the cavity,
E, is the coherent input field, and y are the cavity field
damping rates. To derive these equations, it has been as-
sumed that the input field and A, have frequency co,
while A2 has frequency co2=2co& and that the two fre-
quencies co, and ~2 coincide with cavity resonances. The
arbitrary phase of the input field E, is chosen to be zero.
For the type of analysis we shall perform, a new scaling
of the time and the fields is useful to further reduce the
number of relevant parameters. We define the new vari-
ables

R )(r) =(y)/y2)' '& )(t), R2(r) = —(y)/y2) &2(t),

E =(yi/y»'"Ei,
y2t y yl~y2

(2.2)

in terms of which the dynamical equations take the form

R i
= —yR i+R ) R2+E,

R' = —R —R2
2 2 1

(2.3)

R i +yR& E=O (2.4)

and R2 is given by R2 = —R, . This steady-state solution
is stable for E (EH with the scaled input field at the bi-
furcation point being defined as:

where R'=—dR/d~. As shown by Drummond, McNeil,
and Walls this system of equations has a steady-state
solution which becomes unstable via a Hopf bifurcation.
The emerging solution was studied for the general case
y&0 in Ref. 4 and the particular case y =0 was analyzed
with a simpler method in Ref. 5. Since there was an alge-
braic mistake in the calculation of Ref. 4, we shall sum-
marize the main analytical results here. In steady state,
R, and R2 are real functions. The field R& is the unique
real solution of

9(1+2y )(3+2y )

17+Sy(3+2y )

(1+2y )[99+4y(73+ 56y+ 16y ) ]
2+ I+y[17+Sy(3+2y)2]

(2.9)

The positivity of E2 implies the stability of the emerging
periodic solution and the supercriticality of the Hopf bi-
furcation.

As already noticed in Ref. 4, at a finite distance from
the Hopf bifurcation there is a domain in which two
stable periodic solutions have overlapping domains of ex-
istence. We have now investigated this domain of hys-
teresis in more detail. Using the software AUTD (Ref. 6)
we have been able to follow the stable and unstable solu-
tions of the scaled Eqs. (2.3), thereby giving evidence of a
real S-shaped curve. In Fig. 1 we have plotted the
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where 0(c, ((1 is defined through E=EH+c E2 while
T=[1+ ecoz+O(E )]OH~. A direct calculation of co2

and E2 using the solvability condition leads to

EH=(1+2y)&l+y .

When E =E~, the two fields become

Ri H=+I+y R~,H= —(1+y) .

(2.5)

(2.6)

FIG. 1. The minimum and the maximum amplitudes of the
periodic solutions emerging at the Hopf bifurcation E~=1 in
SHCx. Solid lines correspond to stable periodic solutions,
dashed lines to unstable periodic solutions.
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minimum and the maximum values of the periodic ampli-
tudes for y =

—,
' and for a range of the control parameter

E that fully includes the bistable domain. Similarly in
Fig. 2 we have reported the frequency of the periodic
solutions (nornialized to the Hopf frequency
Q~ =&1+2y) for the same range of E. To avoid con-
fusion, let us emphasize at this point that we shall call the
lower branch the branch of solutions which emerges from
the Hopf bifurcation at E=EH=(1+2y)&1+y. The
best way we found to distinguish the lower and upper
branch solutions is to construct their field portraits. This
is done in Fig. 3, which displays the "figure eight" field
portrait corresponding to the lower branch solutions and
the "butterfly, " which corresponds to the upper branch
solutions. One property which has always been verified is
that in the case of the "figure eight" field portrait, the
real part of the field never becomes negative while for the
"butterfIy" field portrait the real part has always a posi-
tive and a negative part, so that the time behavior of the
intensity ~R

& ~
might erroneously suggest a period-

doubling phenomenon. Along the unstable branch,
there is a continuous deformation of the figure eight into
a butterfly as shown in Fig. 4 for y =

—,'. It should be not-
ed that a purely harmonic solution has an figure eight
field portrait. Thus this portrait is associated with the
solution which has the lowest content of harmonics of the
fundamental frequency in its spectrum. This appears
clearly if we consider the time series associated with these
two phase portraits (see Refs. 5 and 12 where these time
series are displayed for SHG and 20B, respectively).
Next we have tried to characterize the width of the hys-
teresis domain as a function of the only remaining param-
eter y. This was done purely numerically and led to the
results reported in Fig. 5. In these figures E and 0,
refer to the properties of the upper branch limit point
while E+ and 0+ refer to the lower branch limit point.
We have plotted E+ for selected values of y in the inter-

val O~y ~1. The solid lines which connect the points
are fitting curves. For E+ their equations are

E+ =39.41y +23.30y +46. 12y +30.65y+8. 09,
(2.10)

E =6.52y +18.99y+6.96 . (2. 1 1)

Since these are fitting curves, there is a large amount of
arbitrariness in the type of curve chosen, as we have no
analytic result that can restrict our choice. However, the
divergence of E in y can be verified quite simply by
analyzing the asymptotic limit y ~ ~ . To study the
domain y & 1, it is more adequate to introduce the scaling

S,(T)=y'R, (t), S2(T)= y'R2(t—), E=(y') E,
(2.12)

y+ y y2~y 1
1 ~y

which leads to

Si = —S&+S&S2+E,
S2 = —y'S2 —S i

(2.13)

E (y'=0) =y E (y = ~ ) =finite constant, (2.14)

which implies that E (y) must diverge like y . Howev-
er, the series expansion in integer powers of y is only an
assumption. On the other hand, the result (2.10) for E+
implies that E+ (y'=0) should be infinite. All we can re-
port is that we have been unable to locate E+ for small
values of y'. A similar analysis for the frequency of the
periodic solutions at the boundaries of the hysteresis
domain has been performed and is displayed in Fig. 5(b).
The two fitting curves are

where S' —=dS /d T. In fact, the results which were ob-
tained in Ref. 1 refer explicitly to the limit y ~0. In
that limit it is quite simple to verify numerically that
there still remains a hysteresis with a limit point E at a
finite distance from the origin for y'=0. From this fact it
follows that

A+ =0.50y +0.39y +0.77y+0. 35,
=0.2456y+0. 2763 .

(2.15)

(2.16)

Here again there is a certain measure of arbitrariness in
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FICx. 2. Frequency of the periodic solution described in Fig.
1 in units of the frequency at the bifurcation.

FIG. 3. Field portraits of the two stable periodic solutions of
Fig. 1 for E =20 and y =

—,'.
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FIG. 4. Field portraits of the periodic solution along the unstable branch of Fig. l. Note that all six figures have the same axes.

y '0 (y = ~ ) =finite constant, (2.17)

the choice of the fitting curves. However the scaling ar-
gument which leads to the result (2.14) also applies to the
frequency and gives the result

tions for the field x, the atomic polarization v, and the
population difference m under resonance conditions are

= —x +y —2Cx v,) dx
dt

which indeed agrees with Eq. (2.16).

III. TWO-PHOTON OPTICAL BISTABILITY

i dv U+x I
dt

y li

' = —
—,
'

I (x *
) v +x v *

]—m + 1,i dm

(3.1)

The next model that we analyze is the two-photon opti-
cal bistability (2OB). This model has been extensively
studied in relation with the generation of squeezed
states. ' Periodic solutions emerging from a phase in-
stability were also reported but the fact that the two
types of periodic solutions have a hysteresis domain es-
caped the attention of these authors. The coupled equa-

where y is the real positive input field, C the bistability
parameter, and K, y~, and

y~~
are the decay rates of the

cavity field, the polarization, and the population
difference, respectively. All variables have been suitably
scaled. Although these equations do not bear any resem-
blance to the equations governing SHG, an asymptotic

0 0.2 0.4 0.6 0.8 1.0
v

0 0 0.2 0.4 0.6 0.8 1.0

FIG. 5. Properties of the limit points defining the bistable domain of the periodic solutions vs y. (a) Maximum (E+ ) and
minimum (E ) of the input field defining the width of the hysteresis domain. (b) Frequency at the limit points. The dots are the re-
sults of direct numerical integrations. The connecting lines are fitting curves.
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analysis reveals that such a connection does indeed exist.
Let us define a new set of variables and parameters via

R, = (2aC/yi)'i x, R ~
= —(2icC/yt)U,

6-.

E = (21rC/y!)'~ y,
'Vi

Ic/y!, f yi/(2y!), r=y
In terms of these new functions, Eqs. (3.1) become

(3.2) —2.

Re(x)

—2-

Re(x)

R )
= —yR)+R )R2+E,

R2= —Rq —R im, (3.3)
FICx. 7. Field portraits for 20B with y =2, f= 1, and C = 10.

(a) y =17.S; stable periodic solution. (b) y =18.1: chaotic solu-
tion.

m'=2f (1 —m )+ [(R *, ) R2+R,R2 ] .
4y2C2

In the long-time limit and for yC —+0o, the population
difference becomes m = 1+0(1/y C ) and the remaining
equations for R, and R2 are asymptotically identical to
the SHG equations analyzed in Sec. II.

The steady-state solutions of Eqs. (3.1) are the real
solutions of

2Cx
y =x 1+

1+x4

x &x &x+ (3.4)

x+ = [C+(C —1)'i ]', C =Cy/(1+y) .

The instabilities at x+ are Hopf bifurcations due to the
phases. With the normalization (3.2) the unstable domain
can be equivalently characterized by the condition

E/R i & 1+2@, (3.5)

The solution x=x(y, C) has a domain of bistability for
C ~ 2.71. The linear stability of this steady solution indi-
cates that the negative slope branch of the bistable
domain is always unstable. Furthermore, when
C ~ 1+y ', the steady solution is unstable in the
domain

which coincides with the instability domain in SHG I'see

Eqs. (2.5) and (2.6)]. The Hopf frequency also coincides
w!th that of SHG, given by Eq. (2.7). On the other hand,
the existence of two Hopf bifurcation points and the in-
creased number of parameters with respect to SHG leads
to a richer bifurcation diagram. In Fig. 6 we have
displayed a typical bifurcation diagram for f=1, y=2,
and C=10. For the sake of legibility, we have only re-
ported on the graphs the minimum of the periodic solu-
tions. Furthermore, Fig. 6(b) displays an enlargement of
a critical portion of Fig. 6(a). In Fig. 6(a) we see that a
branch of periodic solutions emerges from the first Hopf
bifurcation. On this branch, the periodic solution is
stable and corresponds to one of the branches of the hys-
teresis loop which we expect to observe. This is indeed
the case and a well-developed bistable domain for the
periodic solutions can be seen. However a third nongen-
eric branch of solutions is also present. It looses its sta-
bility away from a limit point, i.e., via a secondary bifur-
cation. The continuation of this branch remains unstable
and connects to the second Hopf bifurcation of the steady
state. A direct numerical integration of Eqs. (3.1) indi-
cates that beyond the secondary bifurcation point of the
third periodic branch a period-doubling cascade leads to
chaos. The field portrait of the third stable branch of
periodic solutions and of the emerging chaotic solution is
shown in Fig. 7.
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IV. DEGENERATE FOUR-WAVE MIXING

dA)
y

' = —2 —A*A +E,1 d 1 1 2

, dA2
(4. 1)

The third model that we analyze in this paper is
DFWM, which under resonance conditions can be de-
scribed by the following set of equations for the two com-
plexfields A, and Az .

FIG. 6. Bifurcation diagram for 20B with y=2, f=1, and
C =10. The solid lines represent stable steady states, the dashed
line represents unstable steady states, the black dots represent
stable periodic solutions and open dots represent unstable
periodic solutions. For the periodic solutions, we have
displayed only the minimum of the field amplitudes X. 22=0 .

(4 2)

with damping rates y for the mode j and real pump field
amplitude E. For 0 ~ E & 1, the unique steady-state solu-
tion of Eqs. (3.1) is
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This trivial solution becomes unstable for E ) 1: at E = 1,
the steady state bifurcates to the new stable stationary
solution

(4.3)

Again this nontrivial solution loses its stability via a Hopf
bifurcation for 13.7

29.3
46.2

AS1

62.4

yy. 5 AS4

AS3

AS2

Si

1i

99.1
E)2 1+ (4.4) stationary

Similar to what we showed for 20B, in this case also it is
possible to establish an asymptotic connection with SHG.
Let us consider the transformation equations

I

50 input field E

y&

2y2

E= E, ~=2y2t, y=
2y2 2y2

(4.5)

FIG. 8. Schematic representation of the domains of existence
and the transitions among the various solutions in DFWM for

y &

=
y& as a function of the normalized filed E.

They lead to the new field equations:

R
&

= —yR&+R ]R2+E,
R2 = —R2 —/RqfR q

(4.6)

The transition from A to A* is obtained by performing a
rotation of ~ of the phase plane around the real axis, for
both modes A

&
and A z, whereas the transition from A

to 8* is achieved by a rotation of m around the real axis
for mode A, and around the imaginary axis for mode
A2. Clearly, the transformation that leads from A to 8*
is the product of two transformations A~ A* and
A~B, in whatever order.

In SHG and 2OB, the existence of solution A implies
only that A* is also a solution. The two additional solu-
tions B and 8* are typical of DFWM; the origin is espe-
cially transparent in the notation of Eqs. (4.6). Further-
more, the four solutions A, A*, 8, and 8* are all associ-
ated with the same partial intensities or photon numbers

The presence of additional solutions 8 and 8* arises
from the fact that the DFWM model has analogies not
only with SHG, but also with the degenerate parametric

Here again, the SHG equations (2.3) are not exactly
recovered, but as long as R~ is an O(1) function, the
equations should display qualitatively the same type of
solutions as in SHG: as a matter of fact, with the help of
Eqs. (4.3) and (4.5), the instability condition can be cast in
the same general form (3.5) and also normalized Hopf fre-
quency coincides with Eq. (2.7).

A major difference between Eqs. (4.1) and the equa-
tions describing SHG and 2OB are the symmetry proper-
ties of (4.1). Indeed, if A=( 3 &, A2) is a solution of (4.1),
then the following pairs are also solutions of the same
equations:

A*=(A*, , A~ ), B=(A„—A~), B*=(Af, —A2 ) .

(4.7)

oscillator. As a matter of fact, all solutions (4.7) exist
also in that system; the analogy between DFWM and de-
generate parametric oscillator has been exploited in Ref.
13.

Even though the DFWM equations are characterized
by the same number of parameters as the SHG equations,
the bifurcation diagram for DFWM displays a much
larger complexity, because several periodic solutions can
coexist. Fig. 8 schematically represents the situation that
one encounters for increasing values of the input field E
with the fixed ratio y, /ye=1. The solutions labeled E
and B correspond to the figure eight and butterfly field
trajectories, respectively, in accordance with the general
scheme already met in the previous two models. The
four solutions labeled AS1 to AS4 correspond, instead, to
periodic solutions that are asymmetrical with respect to
the transposition A ~ A *. The solutions ASn
(n =1, . . . , 4) display a similar shape, but the number of
intensity pulses over each period of the intensity increases
with n. Figure 9 illustrates the field portraits of the pump
[Fig. 9(a)j and of the signal [Fig. 9(b)] mode for the sim-
plest solution of this family, AS1, for E =29 and y, =y2.
The signal mode is characterized by four main "legs"
forming angles of 90; each leg has in turn a fine structure
of three legs leading to a total of 12 legs. On the other
hand, the pump mode is characterized by three main legs
split, respectively, in one, two, and three legs, leading to a
total of six legs. The period T, of the pump mode is
one-half the period T2 of the signal mode, so that in a
complete period T~ of the system, the number of intensi-
ty pulses of the pump and of the signal modes is equal.
We note also that due to the symmetry of the phase plane
pattern with respect to the transformation A ~B, the
period of the &'ntensity of the signal mode is T2/2. Table
I summarizes the main features of the asymmetric solu-
tions for the pump and the signal modes: the total num-
ber of legs in the field portrait, the number of legs in each
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TABLE I. Schematic outline of the principal characteristics of the asymmetrical solutions ASn (n = 1,2, 3,4) in DFWM.

Pump mode A&

Total legs in
one period

Number of legs
in each quadrant

2 3 4
Visiting sequence
of the quadrants

in one period

AS1
AS2
AS3
AS4

6
10
14
18

0
0
0
0

1

2
3
4

(1—+4) ~3~4
{1 4 3 4)' 1 4
(1 4 3 4)' 1 4
(1 4 3 4)' 1 4

AS1
AS2
AS3
AS4

12
10
28
18

3
2
7
4

3
2
7
4

Signal mode A2

(1 4)' (3 2)'
(1—+4) ~(3~2)

{1~4)~(3-~2) —+(1~4) —+(3—+2) ~(1—+4) —+{3—+2)
(1-~4)'~(3~2)'~(1~4)'~ {3~2)'

of the four quadrants of the phase plane (the quadrants
are numbered sequentially counterclockwise starting
from the top right quadrant), the sequence according to
which the diff'erent quadrants are visited as time Bows
[the notation (i ~j )" means that the sequence
i ~j is repeated n times], and the ratio between the
period T2 of the signal mode and the period T j of the

pump mode. The periods of the intensities of the two
modes are always equal and are also equal to the period
T& of the pump mode. By inspection of the table, one
easily sees that the number of intensity pulses of the two
modes over each complete period of the system (which is
already equal to the period Tz of signal mode) is equal.
Increasing the input field E above 99.1, one meets anoth-
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FIG. 9. Field portraits of (a) the pump and (b) the signal
modes in DFWM for E=29.1, y&=y& corresponding to the
AS1 solution.
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FIG. 10. Same as Fig. 9 but for E= 99.2: the "S1"solution.
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FICx. 11. The figure eight in DFWM for E=70: (a) pump
mode, (b) signal mode. FIG. 12. Same as Fig. 11 but for the butterAy.

er kind of periodic solution, which we call S1, completely
different from the asymmetric solutions ASn
(n = 1, . . . , 4). Its field portrait is shown in Fig. 10(a) for
the pump mode and Fig. 10b for the signal model. The
S1 pattern is symmetrical with respect to the transforma-
tion A ~B*; the number of intensity pulses over each
period of the intensity is 3 for both modes, as a conse-
quence of this symmetry. The attractors ASn
(n = 1, . . . , 4) and Sl are nongeneric.

For values of E larger than 100, it becomes increasing-
ly difficult, from a numerical viewpoint, to follow the
different solutions, which tend to acquire more and more
stretched shapes. For instance in Figs. 11 and 12, we
show the field portraits corresponding to the figure eight
and the butterfly for E =70: the spikes become very nar-
row and eventually look like single straight lines.

For this reason, we have not been able to find the value
(which presumably exists) of the upper limit point E+
where the figure eight solution becomes unstable, and
where the system would perform a transition to the
butterfly. On the other hand, if we start from a solution
of the type ASn (n = 1, . . . , 4) or Sl and decrease gradu-
ally E, this solution becomes unstable below a certain
value of E, and the system performs a transition to the

butterfiy pattern (see Fig. 8). The butterfiy solution be-
comes in turn unstable at the lower limit point E =13.7.
Finally we note that for E =93.1, the periodic solution
AS2 does not jump to another periodic solution but be-
comes chaotic.

For DFWM, we have concentrated our attention to the
sequence of attractors which are connected to the figure
eight and the butterfly. This, however, does not include
all possible attractors since, e.g. , a large-amplitude limit
cycle can be found to coexist with the steady-state solu-
tion at E =2.
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